ALGEBRA 11 Lesson 0825 - The Quadratic Formula
DRr. PauL L. BAILEY Wednesday, August 25, 2021

The Quadratic Formula can be used to solve any quadratic equation. It is derived by completing the
square of the standard form with variables as the coefficients.

Let us first review how to solve a quadratic equation whose leading coefficient is not one, with a couple
of examples.

Example 1. Solve 222 4+ 3z +1 = 0.

Solution. Complete the square in steps.

¢ 224+ 3x+1=0 Step 0: put the equation in standard form.
3 1
o 22+ 3% + 3= 0 Step 1: divide through by the leading coefficient.
5 3 1 . .
° -+ ix =3 Step 2: put the constant on the right hand side.
5 3 9 19 . .
* 7+ 53: + 6= 3 + 6 Step 3: add the thing that completes the square to both sides.
3\* 1 .
o |+ 1) T 16 Step 4: factor the left and add the right.
3 1 .
* I+ 1= ii Step 5: take the square root of both sides.
-3+1 . .
o r= 1 Step 6: put the constant on the right hand side.

1 1
Thus x = —1lor z = —5 The solution set is { — g —1}.
1
Notice we could have solved this by factoring 222 + 3z +1= 2z +1)(z +1) =2 (x + 2) (a: + 1). O

Example 2. Solve 522 4+ 72 — 3 = 0.

Solution. Complete the square in steps.

e 5224+ 7x—3=0 Step 0: put the equation in standard form.
o 22+ gx — g =0 Step 1: divide through by the leading coefficient.
g 7 3 . .

* r° 4 gx =5 Step 2: put the constant on the right hand side.
o 22 4 zx + 49 3 + 49 Step 3: add the thing that completes the square to both sides

577100 5 100 P 8 P a '
o |+ T i _ 109 Step 4: factor the left and add the right

10) ~ 100 L st
val

* I+ 1—70 = :I:TO9 Step 5: take the square root of both sides.

—-7+v1
o = % Step 6: put the constant on the right hand side.

The solution set is {_7:‘:10109} O



Proposition 1. The solutions to the general quadratic equation
az? +br+c=0

are given by the quadratic formula, which is

—b+ Vb2 — dac
r=——.
2a
Solution. Complete the square in steps.
o ar’ +br+c=0 Step 0: put the equation in standard form.
b
o 2?2+ —x+ €- 0 Step 1: divide through by the leading coefficient.
a a
b
o 22+ -z = — Step 2: put the constant on the right hand side.
a a
5, b b? c b2 ) )
o '+ -4+ —5=—+—— Step 3: add the thing that completes the square to both sides.
a 4a? a  4a?
b\> b2 —dac .
e T+~ | =—5— Step 4: factor the left and add the right.
2a 4a?
b Vb2 —4
* I+ % = i% Step 5: take the square root of both sides.
a a
—b+ b2 -4
o = 2—(10 Step 6: put the constant on the right hand side.
a

To use the quadratic formula, just identity the a, b, and ¢, and plug them in.

Example 3. Solve 422 — 3z — 10 =z — 8 — z2.

Solution. First, put the equation in standard form. Add z? to both sides, subtract = from both sides, and
add 8 to both sides to get

522 —4x —2=0.
Here, a = 5, b = —4, and ¢ = —2. Plug these in to get

b+ b2 —dac 4++/16+40 24++/14
€Tr = = = .
2a 10 5

Example 4. Find two numbers whose sum is 7 and whose product is 11.

Solution. Let x and y be these numbers. We have z +y = 7 and xy = 11. Then y = 7 — z, and plugging
this into the second equation gives x(7 — x) = 11, so 7x — 22 = 11. Put this in standard form to get
22 — 7z + 11 = 0. Thus, the quadratic formula gives

x_?i\/49744_7i\/5
- 2 o2

, then y =

If we let x =

T+V5 7—5
2

Let’s check this with the formula (a + b)(a — b) = a? — b*>. We have

:7+\/5.7—\/5:(7+\/5)(7—\/5):49f5:g:11

i 2 2 1 1 1

Moreover,

7 — 14
_T+V5 LT vh 14 -
2 2 2

Tty



